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Abstract: In this paper, based on Jumarie type of Riemann-Liouville (R-L) fractional derivative and a new
multiplication of fractional analytic functions, we find arbitrary order fractional partial derivative of two types of
matrix two-variables fractional functions. Fractional binomial theorem plays an important role in this article. In
fact, our results are generalizations of ordinary calculus results.
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I. INTRODUCTION

Fractional calculus is a research hotspot in recent years. The application of fractional calculus in many fields such as
numerical analysis, physics and engineering has aroused great interest [1-16]. In the first half of the 19th century, Abel,
Liouville and Riemann correctly introduced fractional integral and derivative in the analysis. However, the use of
generalized differential and integral operators became more familiar in the last decades of the 19th century because of the
symbolic calculus of Heaviside and the work of mathematicians such as Hadamard, Hardy and Littlewood, M. Riesz, and
H. Weyl.

Fractional calculus is different from traditional calculus. The definition of fractional derivative is not uniqgue. Common
definitions include Riemann-Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L)
fractional derivative, and Jumarie’s modified R-L fractional derivative [17-22]. Because Jumarie type of R-L fractional
derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to connect
fractional calculus with classical calculus.

In this paper, based on Jumarie type of R-L fractional derivative, we obtain arbitrary order fractional partial derivative of
the following two types of matrix two-variables fractional functions:
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where 0 <a <1, m is a positive integer, and Ais a matrix. Jumarie type of R-L fractional derivative, a new
multiplication of fractional analytic functions, and fractional binomial theorem play important roles in this paper. In fact,
our results are generalizations of classical calculus results.

I1. PRELIMINARIES
At first, we introduce the fractional derivative used in this paper and its properties.

Definition 2.1 ([23]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

(x DOF (O] = * O gy )

F(l a) dx X0 (x—-t)*

where T'( ) is the gamma function. On the other hand, for any positive integer n, we define (XOD,‘})n[f(x)] =
(D) (2, DF) - (1, DE)[f ()], the n-th order a-fractional derivative of £ (x).

Proposition 2.2 ([24]): If a,B,x,, C are real numbers and 8 = a > 0, then

(e D)x = x)F] = 1520 (e = x0)F e, @

and
(xDH)Cc] = 0. ®3)

Definition 2.3 ([25]): Let x, x0 and a be real numbers for all k, and 0 < a < 1. If the function f,:[a, b] = R can be
expressed as f,(x%) = Xr_, (x — x¢)**, then we say that £, (x%) is a-fractional analytic at x = x,.

F(ka+1)
Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([26]): If 0 < a < 1. Assume that £, (x*) and g, (x%) are two a-fractional power series at x = x,,

fa () = Bzt (6 = %)%, 4)
Ja(x®) = Xj- 0F(ka+1) (x — xp)*. ©)]
Then
fa(x*)®q gu(x*)
= S0 res; O = x0)* @ Tieo s O — %)
o k a
= S0t (Zmo () @eombin ) (x = XY, ©)
Equivalently,
fa(x*)®q gu(x*)
_ ak ®a bk 1 a ®ak
= Yk=o (m(x—xo) ) ®a k=07, (F(a—ﬂ)(x—xo) )
o 1 k k 1 « Rk
- Zk:oz( m=0 (m) ak—mbm) (m (x - xo) ) . (7)

Definition 2.5 ([27]): Assume that 0 < @ < 1, and x is a real number. The a-fractional exponential function is defined by

ka ®k
ay _ v x _vo 1 1 a
Ea(x%) = Xic-o T(ka+1) Lioig (F(a+1)x ) ' )

And the a-fractional cosine and sine function are defined as follows:
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and

. o oo (_1)kx(2k+1)a 1)k 1 @ ®q (2k+1)
sing (x%) = Xi=o r(2k+1a+1) = Lk= 0(2k+1)' (F(a+1)x ) : (10)
Theorem 2.6 (matrix fractional Euler’s formula)([21]): If 0 < a < 1, and A is a real matrix, then
E,(iAx%) = cos,(Ax%) + isin, (Ax®). (11)

Notation 2.7: If the complex number z = p + iq, where p, q are real numbers, and i = v—1. p, the real part of z, is
denoted by Re(z); q the imaginary part of z, is denoted by Im(z).

Notation 2.8: If s is a real number, the largest integer less than or equal to s is denoted by |[s].
Notation 2.9: If r is any real number, p is any positive integer. Define (1), =r(r — 1) (r —p + 1), and (r)g =

Definition 2.10: Let u, v be non-negative integers. For the two-variables fractional function f,(x%,y%), its u-times
fractional partial derivative with respect to x%, v-times fractional partial derivative with respect to y*, forms a p + g-th

order fractional partial derivative, and denoted by (yng)v(xoD,‘g‘)u[fa(x“,y"‘)].
Theorem 2.11 (fractional binomial theorem): If 0 < a <1, n is a positive integer and f,(x%), g,(x%) are two a-
fractional analytic functions. Then
®q (n-k) ®ak
[ x®) + g (x®a™ = 33 (1) ()" V@0 (902 )™, (12)

n!

n !
Where, (k) - kl(n—k)! *
I11. MAIN RESULTS

In this section, we find arbitrary order fractional partial derivative of two types of matrix two-variables fractional
functions. At first, two lemmas are needed.

Lemma3.1: If 0 < a < 1, r, s are real numbers, and m is a positive integer. Then

Re [(rr(alu)xaHS l"(a1+1)y ) ] Zlm/zj( )( 1yPrm=eese (F(a+1)x )&Z(m_zp) B (l"(a1+1)y a)®a2p """"""" (13)
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Proof : By fractional binomial theorem,
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Similarly,
Rgm
a a
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Qagm ®qm
— a a _ a _ a
T2 (rr(a+1)x F(a+1)y ) (rr(a+1) F(a+1)y ) ]
_l_ m (M 1 2\ ®a (M=K u 1 2\ ®a (M=K) o 2\®ak
T2 2“"‘=°(k)(rr(oc+1)x ) ( F(a+1)y ) — Zk= 0( )(rr(an)x ) ®“( lsr(a+1)y )
_ l _ k ®q (Mm—k) ak
20 ( )[1 =D ]( F(a+1) ) ®q (lsl"(a+1) )
—l l(m 1)/2) m 1 ®q (m—2q-1) ®q (2q+1)
] Z (2q + 1) (r r(a+1) ) ®q (ls F(a+1) )
_ ylm-1)/2] m _1\9,m—2q—1.2q+1 1 a ®q (m-24-1) 1 a ®a (2q+1)
- Zq=0 (2q + 1)( Dr s (F(a+1)x ) a (F(a+1) ) : g.ed.
Lemma 3.2: If 0 < a < 1, r, s are real numbers, m is a positive integer, and A is a matrix. Then
Rgm
a a
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— Ak [mk/Zj P,mk—2p o2p a ®q (mk=2p) 1 a ®a 2P
Zk Ok' Z ( >( 1) r s (F(zx+1)x ) « (F(a+1)y ) (15)
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a 1 a) ¢«
Im {E“ [A (r r(a+1) F(a+1)y ) }
k [(mk v/2( mk _1N\q.,.mk—2q—-1.2q+1 1 a ®q (mk-2q-1) 1 a ®q (2q+1)
= Xk=1 k'A Z <2q+ 1)( Dfr s (F(a+1)x ) @ (l"(a+1)y ) ) (16)
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Similarly,
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)®amk

_vo 14k 1 a4 s 1 a
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g.e.d.

Theorem 3.3: If 0 < a < 1, and u, v are non-negative integers, m is a positive integer, and A is a matrix. Then

[ |m/2] ®q (M—2p) 1 ®a 2P 1
( Da) ( Da) | 2 |A- Zm ( )( 1)Prm- 2pg2p (_I‘(a+1) ) a (F(a+1)y ) I
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(18)
Proof: By Lemma 3.1 and Lemma 3.2,
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®q (mk—2p) ®q 2p
= Y- 0k| kzlmk/2J< >( 1Prmie ZpSZp( Da) (ODa) [ r(a+1)x ) ®a (I‘(a1+1)ya) ]
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On the other hand,

L e T A0
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=Im }
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k®a ; [lA o m-1)/2] (Zq " 1) (=1)drm-2a-1g2q+1 (F(a+1)xa) ®, (F(a+1)ya) }

1 . 1 O\
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=Im {Ea

Thus,

[ Zlm/ZJ ( ) (—1)Prm= 2pg2p (F(a+1) X )®a (m-2p) ®, (F(a1+1) ya)®a 217] 'i

[
|
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mk
Zk 1k1Ak Zl(mk 1)/2] <2q A 1) (_1)q(mk —2q —

Du2g+1Dvrmk—2qg—1s2q+I11T (a+Drya@a(mi—29—1—1)Rall (a+1)ya&a(2qg+1—v) .

g.e.d.
IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional derivative, we obtain arbitrary order fractional partial derivative
of two types of matrix two-variables fractional functions. A new multiplication of fractional analytic functions and
fractional binomial theorem play important roles in this article. In fact, our results are generalizations of the results in
traditional calculus. In the future, we will continue to use our methods to solve the problems in applied mathematics and

fractional differential equations.
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